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Abstract: In the paper dynamic behaviour of one arm independent suspension for a car is investigated as take account influence of a power
unit. For describing the mechanical system is used mathematical model based on vector-matrix algebra. The results from numerical
experiments show equation of movement the suspended and unsuspended masses and theirs natural frequencies.
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1. Introduction

The purpose of the suspension of the power unit is to
reduce its vibration and transmit dynamic loads to the frame. Of
the construction of the suspension depends not only its
reliability, but also to a large extent the reliability of the power
unit, the frame and the cab. This is due to the interconnected
loops through dynamic reactive systems, transmission and
construction, which is attached to the internal combustion
engine [1].

In selecting the location and the elasticity of the supports
necessary to first take into account the values of the natural
frequencies of the power unit - they must be within the
prescribed (Table 1). The greater is the ratio of frequencies and
forced vibrations of its own power plant, the smaller the
oscillation of the power unit and the whole car. Crucial natural
frequency of individual units and components of the car does not
coincide with each other. Indicative range of natural frequencies
of the main units and components of the car is shown in Table 1

2.

Table 1
Suspended mass (body) 1-2Hz
Seat with the driver (suspended) 1,3-3Hz
Cabin (suspended) 3-8 Hz
Unsuspended mass 5-13 Hz
Power unit 5-30 Hz
First form of the torsional oscillations of a car 15-30 Hz

body
First torsional oscillations form of a power unit| 80-200 Hz
First torsional oscillations form of a

Lo 60-150 Hz
transmission
Tires 50-200 Hz
Panels of the cab and body >50 Hz

The aim of this work is to determine the natural frequencies of
the suspended and unsuspended masses and those of the power
unit of a car with arm suspension, taking into account the
influence of the elasticity of tires, the main elastic elements
(springs) and elastic elements of the power unit(mountings). For
this purpose are used the methods of the vector mechanics,
numerical experiments were conducted with MATLAB.

2. Three-dimensional mathematical
model
The behavior of the car is described using the three-
dimensional mathematical model. The advantage of this scheme
is that it is possible to examine the relocation of the car on the
axes Ox, Oy and Oz of the coordinate system located in the
center of its mass (i.e. all degrees of freedom) which is a
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prerequisite for high accuracy in computation process [2].
Scheme of the model is shown in Figure 1.

The system under consideration consists suspended
mass, unsuspended mass and masses over suspended. The
suspended masses include the masses of the elements of the car,
passengers and load. In the center of gravity is fixed local
coordinate system attached OgXgYoZg. The suspension is
implemented as a tire, arm, axle and other components are
combined in one element which is hinged to the suspended
masses. Each of these elements is fixed to local coordinate
system, respectively OiX1y1Z1, OoXoY2Zs, O3X3Y3Zz, OgXaYaZs. The
masses over suspended include the mass of the power unit
(engine and gearbox). In its mass center is fixed local coordinate
system Odxdydzd. In the equilibrium position the axis of all
coordinate systems are parallel. All displacements of local
coordinate systems are given to the absolute coordinate system
OnXaYaZa.

For systems of Fig. 1 make the following assumptions
(31, [4]:

-elements of the system are solids;

-anti-roll bars are massless and their stiffness is regarded
as equivalent spring connected to the arms at point to a distance
L of the joint (hinge) of the front axle and L, of the joint of the
rear axle;

-give an account damping and elastic properties of the
main elements ¢y, Cn, Brr, Pro, respectively, springs and shock
absorbers the front and the rear axle, and the elasticity of the tire
Cg; and those on wich the mountings of the power unit ¢q and Bg;

-elastic and damping elements have linear characteristics;

-system is placed in a equilibrium position as the centers
of gravity to the wheels lie on a horizontal axis. Oy, axis
coincides with the axis O,Y,, and Osy; axis coincides with O,y;.

For generalized coordinate systems are adopted:

- 7o - linear displacement of the local coordinate system
OpXgYoZo to absolute OaXayaza 0N axis Oy;

-elastic and damping elements have linear characteristics;
-system is placed in a equilibrium position as the centers of
gravity to the wheels lie on a horizontal axis. O,y; axis coincides
with the axis O,y,, and O3y, axis coincides with O,y,.

For generalized coordinate of the system are accepted:

- Zp - linear displacement of the local coordinate system
OpXgYoZo to absolute OaXayaza 0N axis Oy;

- @, Wo - angular displacement of the local coordinate
system OgXgYoZo to absolute Oaxayaza respectively around the
axes Oy and Oy,

- @1 - angular displacement around the axis O;x; of the
coordinate system O;X;Y121;

- ¢, - angular displacement around the axis O,x, of the
coordinate system OyX,Y,2;

- y3 - angular displacement around the axis Ogzy; of the
coordinate system O3zX3Y3Z3;

- yy - angular displacement around the axis Oy, of the
coordinate system O4XsY4Zs;



- z4 - linear displacement of the local coordinate system - yq - angular displacement around the axis Ogyy of the
OgXgYdZq to absolute OaXayaza On axis O,; coordinate system OgXqYqZg-

- @q - angular displacement around the axis OgXq Of the
coordinate system OgXqYqZg;

Figure 1. Kinematic scheme of a car with front transverse and rear longitudinal arms with power unit.

: . _ [cosy, 0 -—siny, -L,]|
To find laws of motion in the absolute coordinate system

OaXaYaZa is necessary to define the transition matrices of each 0 0 1 0 - bb

local coordinate systems to the absolute [5], [6]. T3 = sin v, 0 cos v, - H
- matrix of transition from OgXYoZo t0 OaXaAYAZA : i 0 0 0 1 |
cosy, 0 —siny, 0 cosy, 0 —siny, -L,]|

; ; ; 0 1 0 b

T4 —sing,.siny, cosg, -—sing,.cosy, O To=| | b

Cosg,.siny, Sing, CO0S,.COSy, I, siny, 0 cosy, -H
0 0 0 1 L 0 0 0 1

x0 and y0 are zero because is consider only linear oscillation on . . .
axis Oz, i.e. only vertically; -matrix of transition from OgXgyqzq t0 OgXoYoZo iS:

- matrices of transition from OX1y1z1, OXpY2Zo,

O3X3Y3Z3, O4X4Y4Zs, 10 OgXoYoZo have a type: 1 0 -y, L,
TO_ oy 1 - 0
— - d —
1 0 0 L, ve o 1 Hy-z
: 0 0 0 1
10 0 cosep, —sing, —Db;
! 0 sing, cosy, —H The components of the angular velocity of sprung
masses are set in advance:
0 0 0 1] .
o =0
_ _ A )
1 0 0 L, Woy =V
To_ 0 cosep, —sing, b, ol =0
2 10 sinp, cosp, —H
0 0 0 1 Otherwise however is the issue of determining the

L - angular velocities of the arms where there is transmission and
relative motion.
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in* _ _TiO-riO(T) =Ti0Ti0(T)

o; — the angular velocity of the i-th unit to the absolute
coordinate system is equal to:

0 -0, o,
[OF3
o = iz 0 — Wy
-0, o, 0

After multiplying the matrices and simplify the resulting
expressions for the components of the angular velocity of the
arms and the three axes are obtained:

- front right arm:
A - .
@y = @y + @ COSY,
A . . s .
@y =Y, COSP, + @SNy, SIN g,

A .. ..
@y, = @ SINY, COSQ, =Y, SN,

After removal of terms of a higher order is received:

A . .
O =@+
A_ .
a)ly_‘//o
A _
w,=0

Similarly to determine the angular velocities of the other

arms:
- front left arm:

A . .
Wy =@y T @,

- rearright arm:
a)BAx =
a’?ﬁ, =Y, +¥s
a)sAZ =0
- rear left arm:
a)ﬂf\x = ¢0
a)4Ay =W+,
w, =0
- for power unit:
w£< =@y + Py
a)dA; =y, +¥y
w), =0

The kinetic energy of the system is:
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1 ., 1 . 1 . 1 . .
T= Emozg +§J°X¢§ JrE\Joyl//o2 +EJ ot (D0 +P1)° +

1 . . 1 . . 1 . .
+5Jpr(¢o+¢z)2+Eprb(‘//o+W3)2+5prb(‘//o+u/4)2+
1 .2 1 oy 1 , .
+2(E\pr1‘//o)+Z(E‘Jpxb(ﬂo)+§mp(zo _(mef +bg ), +
. ) 1 , . .
+ Ly, _mef%)z +Emp(zo +(mef +b )@y + Ly +
. 1 . . .
+ mef¢2)2 +Emp(zo —bb(OO _(meb + Lb)‘/jo - I-mpb‘//a)2 +
1 . . . .
+§mp(20+bh(p0_(|‘mpb+Lb)‘//0_|‘mpb‘//4)2+
1 . 2, 1 . 2 1 , . . \2
+E‘]d((/7o+(/7d) +§‘]d(‘//0+l//d) +Emd(ZO+LdV/O_Zd)

The potential energy of the system is:

1 1 1 1

I ZECn‘ (ch ¢1)2 +Ecrf (_ch ¢72)2 -"Ecrb(l-cbl//:%)2 +Ecrb(|—cbl//4)2 +

1
+Ecgz(zo =(b¢ +0y¢ )y + Ly —Dyg P)"+

1
+§ng(zo +(b; +by ), + Ly, +bkf¢’2)2 +

1
+Ecgz(zo — (b, +by,)e — (L, + Ly )y — Lkb'/’sz +

1
+Ecgz(zo + (b, + b)), —(Ly + Lyp)wo — I-kb‘//4)2 +

1 2 1 2
+Ecsf (_Lsf(Dl_Lsfgoz) +Ecsb(_|—sb‘//3+ Lsh'//A) +

1 , 1 ,
+Ecd (bys —lawy +24) +Ecu (Dyps —lywy +24)° +

1 , 1 ,
+Ecd (bypy +lawg +24) +Ecd (=bypy + 1wy +24)

The Rayleigh’s function is:

1 . 1 . 1 .
R :E,Brf (L (01)2 +Eﬁrf (—I-cf(ﬂz)2 +§ﬂm(|-cbl//3)2
1 . 1 , . , .
+Eﬂrb(|‘cbl/l4)2 +Eﬁgz(zo —(by +by ), + Ly, _bkf(ol)z +
1 . . .
+Eﬂgz(20 +(0; +1, ) + Lo +by )" +
1 , . . .
+Eﬁgz (2o = (0, + by ) — (Ly + Ly )0 — |—kb'//32 +
1 . . . .
+Eﬂgz(zo + (b, +by e, — (L + L))o — Lkn‘//4)z +
1 , ) 1 . .
+Eﬁsf (_Lsf (%0 Lsf (pz)z +Eﬂsb (_st‘//3 + stl//4)Z +
1 . oL,y 1 . a2
+Eﬁd(bd(od_ld(//d+zd) +Eﬁd(_bd¢d_ldl//d+zd) +
1 . L 1 . L,
+Eﬁd (by@y +1a974 +Zd)2 +Eﬁd (=by@g +1497 +Zd)2
After applying Lagrange's equation of 2nd kind:
d(or) (er)_ (om) (eR
dt\ aq aq aq aq )

for equations describing the laws of motion of the system of
Figure 1 is valid:

[Ma + [BJg +[Cla = [0]
- [M] is the matrix of inertia that is symmetrical with the main

diagonal with dimension 10x10 and she has the type of Table. 2
- [C] is the matrix of elasticity, which is also symmetric and has



10x10 dimension

(Table 3)

- [B] is the matrix of dissipative forces, showing the influence of
dampers - with a symmetrical dimension 10x10 (Table 4):

Generalized coordinates and their derivatives are:

To obtain natural frequencies of the system, equations are
presented in the normal Cauchy form:

Where L is:
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3. Numerical investigations
MATLAB is powerful control system simulation software

and widely used in engineering filed.
The main parameters and their numerical values (Table 5)

are not measured by the authors and are taken from cited literary
sources:
Table 5:

Ne

Parameter

Symbol

Value

Suspended masses

Mo

1100 Kg

Unsuspended masses

My

30 kg

Mass of the power unit

My

300 kg

A=

Moment of inertia of the
suspended masses around
longitudinal axis (x-axis)

\]Ox

550 kg.m?

Moment of inertia of the
suspended masses around
transverse axis (y-axis)

Joy

2000 kg.m?

Moment of inertia of the
unsuspended masses on the
front axle around x-axis

Jpr

5 kg.m?

Moment of inertia of the
unsuspended masses on the
rear axle around x-axis

\]pxb

2 kg.m?

Moment of inertia of the
unsuspended masses on the
front axle around y-axis

Jpyt

2 kg.m?

Moment of inertia of the
unsuspended masses on the
rear axle around y-axis

Joyp

5 kg.m?
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Moment of inertia of the
power unit around Ox and
Oy

Ju

100 kg.m?

12.

Vertical co-ordinate of
the center of gravity of
the unsuspended masses
in relation to joint of the
arms

04 m

13.

Horizontal co-ordinate of
the center of gravity of
the unsuspended masses
in relation to joint of the
front arms

by

04 m

14.

Horizontal co-ordinate of
the center of gravity of
the unsuspended masses
in relation to joint of the
rear arms

by

0,6 m

15.

Distance from the center
of gravity to the front
axle

L¢

1lm

16.

Distance from the center
of gravity to the rear axle

Ly

1,5m

17.

Vertical co-ordinate of
the center of gravity of
the power unit

Hq

0,2m

18.

Length of the front(f)
and the rear(f) arm

bk

0,42 m

19.

Distance ~ from  the
contact point of the rear
wheel to joint of the arm

0,2m
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20. Distance from the center Lmp 0,4m
of gravity of the front(f)
and the rear(b) arm to
the respective joint

21. Distance from fixing L. 0,3m
point of the front(f) and
the rear(b) main elastic
element to the respective
joint

22. Distance from fixing L 0,28 m
point of the front(f) and
the rear(b) anti-roll bar
to the respective joint

23. Distance from the center Ly 1,2m
of gravity of the power
unit to the center of
gravity of the car body.

24, Distance from the center lg u 0,6 m
of gravity of the power by
unit to the attachment
points of his mountings
along the axes Ox and
Oy.

25. Radius of the front(f) Ry 0,26 m
and the rear(b) wheels

26. Stiffness coefficient of Crf 25000
the main elastic elements N/m
of the front axle

27. Stiffness coefficient of Crb 25000
the main elastic elements N/m
of the rear axle

28. Stiffness coefficient of Cqz 125000
the tyre N/m

29. Stiffness coefficient of Cs 20000
the anti-roll bars of the N/m
front(f) and the rear(b)
axle

30. Stiffness coefficient of Cq 300000
the mountings N/m

31. Damping coefficient of Br 1900
the front(f) and the N.s/m
rear(b) shock absorbers

32. Damping coefficient of Ba 500
the mountings N.s/m

The simulation results for the

systeme are:

-0.7946 +12.2936i
-0.7946 -12.2936i
-0.5854 +10.5659i
-0.5854 -10.5659i
-0.2488 + 1.0363i
-0.2488 - 1.0363i

-0.1206 + 0.7344i
-0.1206 - 0.7344i

-1.3950 + 7.8194i
-1.3950 - 7.8194i

-1.4713 + 7.7920i

natural frequencies of the


http://www.google.fr/search?hl=fr&&sa=X&ei=FnpNTIbpO9KQOMX6wJUD&ved=0CBQQBSgA&q=using+matlab+for+the+natural+frequencies+of+the+systeme+are+recived&spell=1�
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-1.4713 - 7.7920i
-0.6867 +11.3617i
-0.6867 -11.3617i
-0.2157 + 1.5422i
-0.2157 - 1.5422i
-1.6600 + 8.2602i
-1.6600 - 8.2602i
-1.5831 + 8.2717i
-1.5831 - 8.2717i

The natural frequency is equal to the imaginary part of
eigenvalues of the matrix and the real part relates to damping.

The identification of frequencies is solved by simpler
models with fewer degrees of freedom and the results are:

1.0363 Hz — frequency of linear oscillations of the sprung
masses on z-axis;

1.5422 Hz - frequency of angular oscillation of the
sprung masses around x-axis;

0.7344 Hz - frequency of angular oscillation of the
sprung masses around y-axis;

7.7920 u 7.8194 Hz — angular frequency of the front
arms;

8.2602 u 8.2717 Hz — angular frequency of the rear arms;

12.2936 Hz - frequency of linear oscillations of the power
unit on z-axis;

11.3617 Hz - frequency of angular oscillation of the
power unit around x-axis;

10.5659 - frequency of angular oscillation of the power
unit around y-axis.

Received natural frequencies of the power unit do not
coincide with those of other units of the car, but also within the
prescribed limits in the table. 1. Therefore, elastic and damping
characteristics of the elements are chosen correctly.
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4. Conclusion

The model gives us possibility to obtain natural
frequencies to whole system. The results of numerical simulation
can be considered more reliable because the model takes into
account the effects of power unit.
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