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Abstract: In the paper is investigated dynamic behaviour of one arm independent suspension for a car. For describing the mechanical
system is used mathematical model based on vector-matrix algebra. The results from numerical experiments show laws of movement the
sprung and unsprung masses, theirs natural frequencies and theirs accelerations.
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1. Introduction. arms of suspension

Kinematical structure of the vehicle independent suspension with
increased speeds of motion have been refined over time and today
there are a large number of its variants - one, two, and more arm
suspensions. Underlying all these are one arm suspensions.
The aim of this work is to investigate the dynamic behavior of a car
with one arm suspension as take account the influence of the
stiffness of the tires, the main elastic elements (coil springs) and the
additional elastic bushings (silent blocks). For this purpose are used
the methods of the vector mechanics and numerical experiments are
conduct with MATLAB.

2. Three-dimensional mathematical model of arm
suspension, describing the smoothness of motion with

the methods of vector mechanics. Fig. 2 Drawing of the elastic bushing (silent block)
Zo
The behavior of the car is described using the three-dimensional [
mathematical model. The advantage of this scheme is that it is
possible to examine the relocation of the car on the axes Ox, Oy and
Oz of the coordinate system located in the center of its mass (i.e. all
degrees of freedom) which is a prerequisite for high accuracy in
computation process. Scheme of the model is shown in Figure 1.
The system under consideration consists sprung and unsprung
masses. The sprung masses include the masses of the elements of
the car, passengers and load. In the center of gravity is fixed local
coordinate system attached OgXgyozo. The suspension is
implemented as a tire, arm, axle and other components are

combined in one element which is fixed to hinged to the sprung Qn
masses by elastic bushings (Fig. 2). Each of these elements is fixed
to local coordinate system, respectively Oix1yiz;, OXy275,  Fig. 3 Scheme of the front axle of a car

03x3y323, O4X4y4Zs. Z
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Fig. 4 Scheme of the rear axle of a car

In the equilibrium position the axis of all coordinate systems

Fig. 1 Kinematic scheme of a car with front and rear transverse are parallel. All displacements of local coordinate systems are given
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to the absolute coordinate system Opxayaza. In Fig. 3 and 4 are
shown the geometrical parameters, respectively front and rear axle
of the car.

For system of Fig. 1 make the following assumptions:

-elements of the system are solids;

-anti-roll bars are massless and their stiffness is regarded as
equivalent spring connected to the arms at point to a distance L of
the joint (hinge) of the front axle and Ly, of the joint of the rear
axle;

-give an account damping and elastic properties of the main
elements ¢, Cp,, Prp, Prvs respectively, springs and shock absorbers
the front and the rear axle, and the elasticity of the tire cyr and ¢y,
the front and the rear axle;

-elastic and damping elements have linear characteristics;

-system is placed in a equilibrium position as the centers of gravity
to the wheels lie on a horizontal axis. Oy, axis coincides with the
axis O,y,, and Osy; axis coincides with Oy;.

For generalized coordinate systems are adopted:

- 7q - linear displacement of the local coordinate system Ogxqyozo to
absolute OxXayaza on axis Oz;

- @9, Yo, 0 - angular displacement of the local coordinate system
00x0y0z0 to absolute Oxxayaza respectively around the axes Ox,
Oy and Oz;

- ¢ - angular displacement around the axis O,;x; of the coordinate
system OX,y,Z;;

- ¢, - angular displacement around the axis O,x, of the coordinate
system OyX,Y,75;

- 3 - angular displacement around the axis Osx; of the coordinate
system O3X3y323;

- (4 - angular displacement around the axis O4x4 of the coordinate
system O4X4y4Zs;

- ¢ 3 - angular displacement around the axis O;y; of the coordinate
system O;3X3y373;

- ¢ 4 - angular displacement around the axis Oy, of the coordinate
system O4X4y4Z4;

- 71, 7o, Z3, Z4 - vertical displacements of arm points of attachment to
the body;

- Y1, Y2, Y3, Y4 - horizontal displacements of arm points of
attachment to the body;

- Longitudinal stiffness of the elastic bushings i.e. longitudinal
displacement of the arm is not counted.

To find laws of motion in the absolute coordinate system OaXayaZa
is necessary to define the transition matrices of each local
coordinate system to the absolute.

-matrix of transition from OgX(yoZy t0 OpXAYAZA:

cosy, cos b, cosy,sin 6, —siny, 0

T4 —sing, siny, cos, —cosg,sinf, —sing,siny,sing, +cosy,cosf, —sing,cosy, y,
[ . . . . . .

cos @, siny, cosf, —sing,sinf,  cos@,siny,sinf, +sing,cosf,  cosp,cosy, z,

0 0 0 1

Xo and y, are zero because is consider only linear oscillation axis
Oz, i.e. only vertically;

matrix of transition from lelylzl, OzXzYzZz, O3X3Y3Z3, O4X4Y4Z4, to
OgXoYozo have a type:

10 0 L,
70— 0 cosp —sing —b,—y
1 0 sing, cosgp, —H+z
00 0 1
10 0 L,
0 0 cosp, —sing, b +y,
> |0 sing, cosp, —H+z,
00 0 1

1 0 0 -L
70 = 0 cosep, —sing, —b, -y,
|0 sing, cosp, —H+z,
0 0 0 1]
1 0 0 ~-L, |
70 0 cosp, —sing, b,+y,
* 0 sing, cosp, -H+z,
0 0 0 1]

The components of the angular velocity of sprung masses are set

in advance:
A4 _ -
o=@
A _ .
a)Oy - l//0
4
@, =6,

Otherwise however is the issue of determining the angular
velocities of the arms where there is transmission and relative
motion.

o; — the angular velocity of the i-th unit to the absolute
coordinate system is equal to:

a)i()* — _];07'-20(T) — j;O];O(T)

0 -0, o,
0%
o, =| o, 0 -o,
- a)iy a)ix O

After multiplying the matrices and simplify the resulting
expressions for the components of the angular velocity of the
arms and the three axes are obtained:

- front right arm:

O, =@+ @
A_ .
a)ly_l//o
4,
o, =0,
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- front left arm:
The potential energy of the system is:

1 1 1
H:Ecrf(l‘cf¢l _21)2 +5¢}/(‘ch¢2 _Zz)z +Ecrb(l‘cb¢3 _23)2

1 , 1
4 _ - . +-C (L@ —2)" + ey (o +(H + Ry g, —
Oy, =Py TPy 2 2

1
. 2 .
a)sz = (//0 _L_/’Ho +Rk/¢| N _qul) +Ecgz(20 _(b_/’ +bkf)¢ﬂ +
A o 1
,, = 90 +Ly, _bk/‘(ﬂl +z _q/‘l)z "'Ecgv(yo +(H+R,)p, —
1
- rear right arm: L6, + Ry, +y,—q,,)° +Ecgz(zo +(b, +by ), +

1
+ Ly, +byo, +2, _q/‘z)z "'Ecg.y(yo +(H+Ry)p, +

. . 1
a);; =@, + 0} +L,0, + Ry — ¥ _qhyl)2 +Ecgz(zﬂ — by +by)e, -
A . 1
(03y =Y, —Ly, —bup, +2,—q,)’ ‘*'Ecg.y(J’o +(H+R)p, +
y .
= 1
@s. 90 +L,60, + Ryp, + 1, _qbyz)z +Ecgz(20 + (b, +b)py —

1
Ly, +b,o, +z, _qbz)z +—cy(=Lyp — Ly, +2, _22)2 +
- rear left arm: 2

1
+Ecsb(_st(D3 _st@A +Z3 _24)2 +

1 1 1 1
+EC,(—)’1)2 +Ect(y2)2 +EC,(—)’3)2 +EC,(J/4)2 +

A . .
WO =Py + @, X | X X
a)fy =[/}0 +Ect(zl)2 +Ecz(zz)2 +Ecz(z3)z +ECI(Z4)2
y .
w,, =6, The Rayleigh’s function is:
1 . 1 .
R= Eﬂyf (LL_/ D — 2 )2 + E:B;_-f (_L(_-/(Dz - Zz)z +
1 . , 1 . 2
+ 3 B (Lopps —23)" + 3 By (—Ly@s — z,)
The kinetic energy of the system is: After applying Lagrange's equation of 2nd kind:
d(er) (or) (em) (ér
T=LmzLmyz+ Ly, g2 +1J0},y7§ Lyae dt\ 0q dq dq o9
| 2 2 | 2 2 | 2 for equations describing the laws of motion of the system of Figure
3 @o 0 7 (00 +62)" 42 (B0 0) + I is valid:
1 . . 1 . 1 . ~ : —
B+ 00+ 20 )+ 2T ) + M +[Bl +[Cla =[F]
1 . 1 ; 1 . . . :
+ 2(5 J o 00)+ 2(5 J405)+ Emp(yo ~h+Hey=L,0,)" + - [M] is the matrix of inertia that is symmetrical with the main
1 diagonal with dimension 17x17 and she has the type of table. 1
+—m,(Z,+Z, = (L, +b ), + Ly, ~L,, &)+ - [C] is the matrix of elasticity, which is also symmetric and has
f 17x17 dimension (Table 2)
+—m (7 + ¥, + Hpy — L, 6,)> + - [B] is the matrix of dlss1patlve_ force_s, showing the influence of
2 dampers - with a symmetrical dimension 17x17 and has the

1 . . . . . following non-zero elements:
b, G+ 2+ Ly +b)py + L+ Ly )’ + &

1 . . . ;
+7mp(y0 -+ Ho, +Lb00)2 +

f B(6,6) = B(7,7) = prf.L%;
oy (2 + 25 = (Lo +b,)00 = Ly =L, )" + B(6,10) = B(10,6) = - Bur.Le
X . B(7,11)=B(11,7) = By.Les

# g Ot S v Hoy + 16"+ B(8.8) = B(9.9) = Bl a»
X B(8,12) = B(12,8) = - BrLeo
+ Emp (Zo+2, + (meb +b,)9, — Ly, +me/7¢4)2 B(9,13) = B(l3,9) = Brchb

B(10,10)=B(11,11) = B
B(12,12) =B(13,13) = By
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Table 1

mg+4m, 0 0 2m,L- 0 -mpLmp; MpLinpe -mpLip myLmy, m, m, m, m, 0 0 0 0
2myL,
0 mot4 4myH 0 B 0 0 0 0 0 0 0 0 m, | om, | - m,
m, 2myLe+2m y
olo ) .
0 4m, 0x rxﬁz x 0 - JortmpLig, Jexrtmy, Jrptmy Ly Jrptmy Ly - my(L - my(L -m,H m, - m,H
H pH4m,H ‘*'22 2m,HL+2 #(Lunprtbr) Lip(Lm po(Lmpp ™0y 1 pp(Lanpp by | MLy | mprtb myL ! oppth H m,
my(Lyptby) mpHL, by ) ) +by) ) mpbTD b) H
+2mp(]-24mpb+b b)
®) . i
2myLr 0 0 Jog+2 2 0 MLt - MLl . MyLgloge - MpLoLups myLe m,Le - » 0 0 0 0
2myLy Jypt2myLe of mpLy, mpLy
2+2m‘,LbZ
0 B . 0 Jort 202 0 0 0 0 0 0 0 0 mLe © - - L mpl,
2m,L 2mHL#+2m, .12 o t2m, l_if m, m,
+2m HL, +2my Ly Le § Ly
DLb
ETNT. 0 Tl =ML Ly 0 0 0 0 MLt § O 0 0 0 00 0
H Liypetby) H H H H H
e 0 I Y BN P 0 Tngim, 0 0 0 myL, 0 ) 0 00 0
Lippstby) Linps of
RN, 0 oMLl MpLLanpt 0 0 0 JootmpL 0 0 0 z 0 0 0 0 0
Linpotby) b myLy,
pb.
Lot 0 oML -mpLpLynps 0 0 0 0 Tt gLy 0 0 0 myLy 0 0 0 0
| —] o 2
m, 0 (Lot o) m,Lr 0 MLt 0 0 0 m, 0 0 0 0 0] o 0
m, 0 g Lonp+b1) m,Lr 0 0 1MLt 0 0 0 m, 0 0 0 : 0 0
m, 0 iy (Eomp--Dp) m,L, 0 0 0 TN, 0 0 0 m, 0 0 0] o 0
m, 0 (Lo +bp) -m,L, 0 0 0 0 MyLpo 0 0 0 m, 0 0: 0 0
0 “m, “mpH 0 mpLr 0 0 0 0 0 0 0 0 m, 0] o 0
0 m, m,H 0 mLy 0 0 0 0 0 0 0 0 m, . 0 0
0 “m, 0 myL 0 0 0 0 0 0 ) 0 my ¢ 0
0 m, 0 myL, 0 0 0 0 0 0 0 0 0 0 0 m
Table 2
2,
dog 0 0 o 0 cabic Cabir cubio cobio e e e e 0 0 0 0
-
Ly
0 4cy 20y(H+Rug) +20g(H+Ruv) 0 2¢yLit2¢qy CoyRis [ coRiw ceyRis 0 0 0 0 -Coy Cay “Cey Cay
Ly
2cg(H+ 2Cay(H+Ru) +2¢4(H+Rys) p CoRup(H+ CeyRun(H+ - - - Cal( c;y( eyl
Rit2e © 5,800 "h) Celt T 2o L{HRe | cyRi(HRy) CoRi(HHRp) o o Culbrtb Calbrtb 1 cu( ) )
0 iy 420 (brbig) 2, (by by 0 oLl | roibrby | rmba(brrby § oMb D Rupreabe o culbr ) Cerby ) eGP HY G OHP S He
R W TR MR M o(bibie) w(bstbi)  f i) 0 +bie) © Ro) | Re i Ruw)
®) +Riv) Ru) )
N R
2euls f%’f; 3
- 0 0 2fc 0 -Cy Libir ey Libis CoLobis ~CyrLobis celr celr f z 0 0 0 0
2cyLy L:'z’ L L
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0 2Lt _ZCS"L«];I{:I;TZ; 2wl 0 2L <cpLRis oL Ris CoLiRis coLoRis 0 0 0 0 E e o CG:L
2eyLy . Le @ Ly
CoRu(HRy) by LR . crler .
~Cabrr coRur B coLibyr oy LR +;’ b’ 2 L“z Corlef 0 0 e 0 0 Coy 0 0 0
(brtb) b+t Ry
CeyRu HHRyp) e 2 2 Ceilerteg
» 2 CrLer TCgRis - Cay
Cebir CeyRur (fbﬁ’bk[) CeLibr Coy LRy Cslsr Sebittodl 0 0 el ,hkr:c,d- 0 0 0 Rur 0 0
CoRus(HHRuw)eub Gty . coler -
-Cabis cRiv o CuLbbin CayLoRis 0 0 Ry +egbis Conln 0 0 b colagy 0 0 Cay 0
(br+bis) reals’ o Reo
Colw
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(brtbis) . . Tealyl . Ly v
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colsr
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[ 0 ~Co(bitbin) - cgly 0 0 0 Cobrr -CoLsp 0 0 e -Cap 0 0 0 0
CoLab +e
coLategb Citeyt
Cu 0 Colbitbiy) -cply 0 0 0 ol ot 0 0 o Cshgc‘ 0 0 0 0
0 Gy ~Coy(H+Ry) 0 cwlr cuRir 0 0 0 0 0 0 0 fjcy 0 0 0
0 oy Cu(HHRyp) 0 cuLr 0 CcoRyr 0 0 0 0 0 0 0 jgcy 0 0
3
0 Gy “cay(H+Rr) 0 cosLy 0 0 coRyo 0 0 0 0 0 0 0 fjcy 0
0 oy Co(H+Ry) 0 cul 0 0 0 cuRis 0 0 0 0 0 0 0 CRCY*
A




Generalized coordinates and their derivatives are:

_Zo ] Z:o _'z'o 1
Yo ).;O yo
Do (/.70 ?0
Vo l/.lo Yo
% % %
(2} 4 (2
(2} ) o,
s ?s 8

Ny ) .
=" =T =
Z % 2
2y 4 Z,
Z3 Z Z
Z, Z, Z,
N 7 »
Vs 7 »
Vs 7 Wy
LVa | Vs | | Vs |

To obtain natural frequencies of the system, equations are presented
in the normal Cauchy form:

y+Ly=0
Where L is:
-1 -1
I M~ B M C
I 0

The output parameters of the system are vibration displacement,
vibration velocity, vibration acceleration and they are obtained from
the equations:

y+Ly=Y

Where Y is:
M™'F(t
,_[MF@
0
After integration of the system using the method of Runge - Kutta
receive all decisions in a given time interval.

2. Numerical investigations.

The main parameters and their numerical values (Table 3) are
not measured by the authors and are taken from cited literary
sources :

Table 3

Ne Parameter Symbol Value

1. Sprung masses my 1400 kg

2. Unsprung masses m, 30 kg

3. Moment of inertia of the Jox 550
sprung masses around kg.m?
longitudinal axis (x-axis)

4. Moment of inertia of the Joy 2000
sprung masses around kg.m’
transverse axis (y-axis)

S. Moment of inertia of the Joxe 5 kg.m2
unsprung masses on the
front axle around x-axis

6. Moment of inertia of the Too 2 kg.m2
unsprung masses on the
rear axle around x-axis

7. Moment of inertia of the Joye 2 kg.m2
unsprung masses on the
front axle around y-axis
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8. Moment of inertia of the Tovb 5 kg.m’
unsprung masses on the
rear axle around y-axis

9. Vertical co-ordinate of H 0,4 m
the center of gravity of
the unsprung masses in
relation to joint of the
arms

10. Horizontal  co-ordinate br 0,4 m
of the center of gravity
of the unsprung masses
in relation to joint of the
front arms

11. Horizontal  co-ordinate by 0,6 m
of the center of gravity
of the unsprung masses
in relation to joint of the

rear arms

12. Distance from the center L I,Im
of gravity to the front
axle

13. Distance from the center Ly 1,5m
of gravity to the rear axle

14. Length of the front arm bys 0,42 m

15. Length of the rear arm Ly 0,42 m

16. Stiffness coefficient of c 1000000
the elastic bushings N/m

17. Distance from the center L 0,4 m

of gravity of the front(f)
and the rear(b) arm to
the respective joint

18. Distance from fixing L. 0,3 m
point of the front(f) and
the rear(b) main elastic
element to the respective
joint

19. Distance from fixing L 0,28 m
point of the front(f) and
the rear(b) anti-roll bar
to the respective joint

20. Radius of the front(f) Ry 0,26 m
and the rear(b) wheels

21. Stiffness coefficient of Crt 25000
the main elastic elements N/m

of the front axle

22. Stiffness coefficient of Crp 25000
the main elastic elements N/m
of the rear axle

23. Stiffness coefficient of [ 125000
the tyre N/m

24. Stiffness coefficient of [ 20000
the anti-roll bars of the N/m
front(f) and the rear(b)
axle

25. Damping coefficient of Br 1900
the front(f) and the N.s/m

rear(b) shock absorbers

Natural frequencies of the system:

- 1.47 Hz - frequency of linear oscillations of sprung masses on z-
axis;

- 1.53 Hz - frequency of linear oscillations of sprung masses on y-
axis;

- 2.09 Hz - frequency of angular oscillation of the sprung masses
around x-axis;

- 1.29 Hz - frequency of angular oscillation of the sprung masses



around y-axis;

- 1.88 Hz - frequency of angular oscillation of the sprung masses
around z-axis;

- 8.41 Hz - angular frequency of the front arms around x-axis;

- 8.80 Hz - angular frequency of the rear arms around x-axis;

- 42 and 30 Hz - frequencies of linear oscillations of the arms at the
points of attachment to the body on z-axis, and y-axis.

Disturbing actions in the system are sinusoidal and are attached in
the center of the contact patch of the tire with the road. They have
the following form:

q = q,(1—cos(vr))

q0 = 0,02 m - height of the amplitude of roughness;
v - circular frequency of the disturbing action:

2wy
_ =%V rvad
=" A

The frequency of the disturbing action expressed in hertz:

_ L 27V
27 S

,Hz

v

V - velocity of the car, m / s;
S - wavelength, m.

As the maximum accelerations are important, the investigated of the
behavior of individual elements of the system was conducted at a
frequency effects similar to their natural frequencies. The results
obtained for some of the accelerations are shown in figures below:

az[m/az]
o

tls]

Fig.5 Linear acceleration of the sprung masses on z-axis

25 L L L L L L L L L
o

Fig.6 Linear acceleration of the sprung masses on y-axis
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Fig.7 Angular acceleration of the sprung masses around y-axis
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Fig. 8 Angular acceleration of the front left arm
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Fig. 9 Linear acceleration on z-axis of the front left arm at the point
of attachment to the body

4. Conclusion

Created three-dimensional mathematical model with sufficient
accuracy for engineering practice can be using for investigation of
dynamic behavior of cars with independent suspensions. The results
obtained from this numerical experiment can be considered more
reliable because the model takes into account the influence of silent
blocks.
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